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LNMOLNMOL P'QNR:SUTWVXQZY\[G]OV_^9`
a>bdcfeCgihkjXlAj�h�gmh�j&bnepo�qrb9s�etqrunv9j −→

L w l?x giyCqrzmqrb9j�{rj_|>h�giv9}mj_hkj_bnet|>giyC~�q�e�cfvA��lAj_|s&{rj_o�eCytgmb�|+cmvAeCgiv9y>lAv�b9g��icmv wU� gn|C|C�_l9jpcmv�|t|/q�v9b�h�gmh�j_bie	h�cfzib9s�etqrunv9j −→µL ��Kcmb�|�v9b�j�q�h�cfzij�o�{�cm|t|/q�unv9j w {�x?s_{�j�o�eCytgmb�lAj�o���cmyCzijku�lAj�}Uq�etj_|t|�����v9b9j�giyC~�q�etjo�qry�o�v9{�cfqryCjpcfv9eCgmv�y>lAv�b�g��icfv �9� jph�gmh�j&bne>o�qrb9s�etqrunv9j�l9j�{�x s&{rj_o�eCytgmb�j_|/e��`>��Y
∧ � {G��h#}Uy

� x s&{rj_o�eCytgmb�unv9q�eCgmv�yCb9jkcfvAetgmv9y�lAv�b9g��ncfv�j_|/eKs�unv9q�}�cm{�j_biep��v9bdo&gmv9y�cfbneFq � q
T =

q
2πr/v w {rj�h�gmh�j&bne	h�cfzmb�s�eCq�unv9j�cm|t|/gAo&q�s�c�o�j&e/eCj�~NgmvZo�{rjpl9j�o�gmv�ytcmbie+j_|/e µl = iS|/giq�e�¡

µl = q
2πr/v .πr2 = 1

2qvr

� j	h�gmh�j_bie.h�cfzib9s�etqrunv9j>l9q � gm{�cfqryCj+giyC~9q�etcm{AlAj	{�x s&{rj_o�eCytgmbkj_|/e�lAgmbZo � yCg � giy/etq�gib9b9j&{cfv�h�gmh�j&bne>o�qrb9s&eCq�uiv�j�lAj�{�x s&{rj_o�eCytgmb¢¡
µl = q

2m l£�gmv9y	{�x j_b�|Cj&h#~�{�j�|	lAj_|	s_{�j�o�etyCgib�|%gmb¤c�¥¦� ∑
i li

j�e
µL =

∑
µl �Z§ gmq�e

µL = q
2mL = γorbL γorb = q

2m

j_|/e#c �9� j&{rs�y�c �9� gmyCe�zi�UyCgih�cmzmb9s&eCq�unv9jgmyt~9q�etcm{ � £Ggiv9yF{�x s&{rj_o�etyCgib¤{�jXh�gmh�j&bne�o&q�b�s�eCq�unv9j#giyC~�q�e�cf{�j�|Je�{�jXh�gmh�j&bneKh�cm�9b9s�etqrunv9jcm|t|CgUo&q�sp|Cgmbne	g �9� gi|Cs_| �¨©bdh�s�o&cfb�qrunv9jkuivZcfbneCq�unv9j w {rc�o�gih � gn|Ccmbietj Lz
lAv�h�gihkj_bnepo&q�b9s&eCq�unv9j#j�|Je�unv�cfbAª

eCq�«�s_j�¬
Lz = mh̄ ­ lAj�|/giy/etjpunv9j µLz

= q
2mLzgmb¤c�lAgmbZo

µLz
= − eh̄

2mmz = −mzµBc\}mj�o
µB = eh̄

2m

j_|/e#{rj�h�cfzmb�s�eCgibHlAj�®%gm�9y w v9b9q�eCs�o&cfy�cmo�eCs_yCq�|Jetqrunv9j�lAvHh�gmh�j_bieh�cfzib9s�etqrunv9jps&{rj_o�eCytgmb9q�unv9j �
LNMOLNM�¯ P'QNR:SUTWVX°i]OTG±nV_]O²�³GS�´GS¤µ � ]OT
� j�|©j�� � s&ytq�j_b�o�j�|©lAv�h�cmzmb9s&eCq�|/h�j>c�etgmh�q�uiv�j>b9j � j&v9}ij&bne�|_x qrbneCj_y � yts�etj&y©j_b�¶Ocfq�|Ccmbnev9b9q�unv9j&h�j_bie>c �9� j_{?cfv�hkgih�j&bne	gmyt~9q�e�cf{.¬O·+��lAjp¸©cfb � j_j&vU¹%j&b ­ �Zº b�cm|t|CgUo&q��#{�x s_{�j�o�ªeCytgmbIv9b)hkgih�j&bne�o�qrb9s�etqrunv9j�qrbietyCqrb�o&�_unv9j w l�x gmytqrzmqrb9j � v�yCj_hkj_bne�unv�cmbneCq�uiv�j w {�j¤| � qrbs&{rj_o�eCytgmb9q�unv9j −→s �9» {�{�v9q�o�gmytytj_| � gib�l�v9b�h�gmh�j&bne>h�cfzib9s�etqrunv9j�lAj�| � qrb�¡
µs = q

ms

§ gmq�e � gmv9y	{�x j_b�|Cj&h#~�{�j�lAj�|	s&{rj_o�eCytgmb�|
µS = q

m

∑
i si = q

mS = γsS

º b¤yCj_h�cfy�uiv�j�uiv�j�{�jXytc �9� giy/e>zi�UyCgih�cmzmb9s&eCq�unv9j�l9j#| � q�b�j�|JeKs&zicm{���lAj_vA��¶ giqr|F{�jy�c �9� gmyCeGzi�UyCgih�cmzmb9s&eCq�unv9j�giyC~9q�etcm{Uh�cmqr|�o&gmh�h�j | s | = h̄

2
, � j+|�}�cm{�j_v9yt|Ggi~�|/j_yC}�cm{�j�|Gl9vh�gmh�j&bne>h�cfzib9s�etqrunv9j�l9j�| � qrb�|Cgmbne	j&{r{�j�|>cfv�|t|Cq�lAj_|>h#v9{�eCq � {rj_|>j_bneCqrj&y�|	lAv¤h�cfzmb�s�eCgiblAj�®%gm�9y �

LNMOLNMr¼ P'QNR:SUTWVX°i]OTG±nV_]O²�³GS¤V�QZ`�^9`
º b¤lAs�«�b�q�e�{�j�h�gmh�j_bieFo&q�b�s�eCq�unv9j�etgfetcm{�½¾�'¥À¿5Á M ¨©b�h�s_o_cfb9q�unv9j�unv�cfbneCq�unv9j w

� x cml�lAq�etq�gibÂl9j_|¤h�gmh�j_bie�|¤o�qrb9s�etqrunv9j�|¤gm~Ns&q�ed�ÃlAj_|�yts&zi{�j�| � {rv�|�lAs_{�q�o&cfeCj_|¤unv9j�{rj_|

Ä



|Cq�h � {rj_|�|/gihkh�j�|�}mj�o�eCgiyCqrj&{r{rj_| w o�jdunv9q�cfh��&b9j���q�bneCytgAlAv9qryCjdv9bÃ¶Ocmo�eCj&v�yÅlAj � cfb�l9sc�etgmh�q�uiv�j
gJ
uiv�q � j_yCh�j�eFl?x s�o�ytq�ytj�¡

µJ == −gJ
e

2mJ

gJ = 1 + J(J+1)+S(S+1)−L(L+1)
2J(J+1)ºKÆd� j�e § |/gibie�{�j�|Fh�gihkj_bnet|�o�qrb9s�etqrunv9j�|FgiyC~9q�etcm{�j&e�lAj�| � q�b�lAj#{�x j_b�|Cj&h#~�{�jklAj_|s&{rj_o�eCytgmb�| ��Kcmb�|�{rj�o&ci|�lAj_|�cfeCgihkj�| w |Cj&v�{�j¤{�cHlAs&ytb9qr�&ytj¤o�gmvZo��9j�q�b�o&gmh � {r��etj � cfyCeCq�o�q � j¤cmvh�cfzib9s�etqr|Ch�j �&� j_|�o&gmv�o���j_|?|tc�etv9yCs_j_|�b�x gibieGcfv�o&v9b9j©o�gibneCytq�~9v9eCqrgmb � �Fj�|�o�gih � j_b�|CcfeCqrgmb�|o�gib�lAv9q�|Cj&bne%� � � § �ÂÇ��ÉÈ � ��cfbZ|�{�cXl9s&ytb9q��_yCjKo�gmvZo��9j_| w {rgmy�|tuiv�x j_{�{rj>j_|/e+q�b�|tc�etv9yts&j wqr{ � j&vAe�j&�Uq�|/eCj&yKv9bdziytcmb�l�b9gih#~9ytjXlAjkh�cfb9qr�&ytj_|KlAj � {rcio�j&y�{rj_|Kbds&{rj_o�eCytgmb�|Kl9cfbZ|F{rj_|Ê ¬ Ê { ¿ Ä ­ s�e�c�et|	l9qr| � gib9qr~9{�j�|

s�e�c�e | {G��È Ê �?¬ Ä ­ � Ê
� {G� Ä Ê ��¬�Ë ­ ��Ì
l {�� Ê Ê �?¬�Í ­ � Ä È

£�gmv9yKgm~Aetj&b9qry>{rj�yCj_h � {�q�|t|Ccmzmj�l9cmb�|	{�x s&etc�eK¶ gmb�l�cfh�j&bnetcm{ w gmb¤vAetq�{rqr|Cj�{rj_|FyC�_zm{rj_|>lAjÎ>v�b�l¢¡
Ä re yC�_zm{rj�lAj�Î>v9b�l¢¡
� j�|�o�gibA«�zmv�ytcfeCqrgmb�|pl�x s&b9j_yCziq�j�h�qrb9qrh�cm{�j�|Cgmbne#o&j&{r{�j�|�unv9q©gmbne�{rj�| � q�b�etgfetcm{ § {�j� {rv�|+s&{rj&}is �Ê me yt�&zm{rj�lAj�Î>v�b�l¢¡£�gmv9yko�j�eXs�etcfeXlAjÅ| � qrb w {rj�b9gih#~9ytj�unv�cfbnetqrunv9j�giyC~9q�etcm{ � j�|Je#s_zicm{�j���{�c¤}�cf{rj&v9yh�c��Aqrh�cmv9hÏlAj

ML =
∑

i ms(i) �Ë me yt�&zm{rj�lAj�Î>v�b�l¢¡
� j�h�j&h�j&bne�o�qrb9s&eCq�uiv�jXetgfe�cf{.Ç�j_|/epl9gmb9b9s � cmy�Ç¤� | L − S | � gmv9ypv9b9j�o&gmv�o��9jh�gmqrb�|	unv?x �kl9j&h�q?ytj&h � {rq�jpgmv¤��lAj_hkq�yCj_h � {�qrj w ÇÅ� � ¿ § |/qrb9gib �¨.�Aj&h � {rjÐ cm|	lAv¤Ñ�j&y�¡�Ñ�j 2+,

Ê Ìfª Ê � ÊfÒ jÑ9j Ä | 2 Ê | 2 Ê � 6 Ëm| 2 Ë � 6 Ò | 2Ñ9j 2+ Ä | 2 Ê | 2 Ê � 6 Ëm| 2 Ë � 6Ð gmbA¶ giyCh�s_hkj_bne	cmvA�Åyts&zi{�j�|%l9j�Î>v9b�l�gib�c�lAgib�o § � Ê w � � Ê j&eFÇÅ� ÒÓ>gmetc�etq�gib�| � j_o�etyCgn|Co&g � q�unv9j 2S+1 � J � £Ggiv9y	{rjpÑ�j&y 5 �
4Ô	j&h�cmytunv9jk¡ � j_|%{rj�eCeCytj_| § w £ w � w Ñ w�Õkw ���r� ¬ § etcmyCÖ w £©ytj&qrb�o�q � cf{ w �Fq�×Wv�|/j w Ñ9v9bZl9c�ªh�j&bnetcm{ w �r�r� ­ |Cj�yCs&¶ �&ytj&bne	|/v�o_o�j�|C|Cq�}ij&h�j&bne>cfv9�Å}�cf{rj&v9y�| � ��È w Ä w Ê w Ë w Ò w �r���
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