REILLY-TYPE INEQUALITIES FOR PANEITZ AND STEKLOV
EIGENVALUES

JULIEN ROTH

ABSTRACT. We prove Reilly-type upper bounds for different types of eigen-
value problems on submanifolds of Euclidean spaces with density. This in-
cludes the eigenvalues of Panetiz-like operators as well as three types of gen-
eralized Steklov problems. In the case without density, the equality cases are
discussed and we prove some stability results for hypersurfaces which derive
from a general pinching result about the moment of inertia.

1. INTRODUCTION

Let (M™,g) be a n-dimensional (n > 2) closed, connected, oriented manifold, iso-
metrically immersed by X into the (n+ 1)-dimensional Euclidean space R"*!. The
spectrum of the Laplacian of (M, g) is an increasing sequence of real eigenvalues

0= (M) < A\ (M) < Ao(M) < -+ < Me(M) < -+ — +00,

counted without multiplicity. The eigenvalue 0 (corresponding to constant func-
tions) is simple and A\ (M) is the first positive eigenvalue. In [29], Reilly proved
the following well-known upper bound for A1 (M)

(1) (M / H?dv,,

where H is the mean curvature of the immersion. In the same paper, he also proved
an analogous inequality involving the higher order mean curvatures. Namely, for
re{l,---,n}

(2) A1 (M) ( /M Hrldvg>2 < V(M) /M HZdv,,

where Hj, is the k-th mean curvature, defined as the k-th symmetric polynomial of
the principal curvatures. Moreover, Reilly studied the equality cases and proved
that equality in as in is attained if and only if X (M) is a geodesic sphere.
These inequalities have been generalized for other ambient spaces [I8| [20], other
operators, in particular of Jacobi type [I, ] [7], in the anisoptropic setting [32] or
for weighted ambient spaces [8,[17,[33]. In particular, in [33], we prove the following
general inequality

® nin) ([ o <S>uf)2 <([ a@ur) [ Q41592 .

where py = et dvg is the weighted measure of (M, g) endowed with the density
e~f, T, S are two symmetric, free-divergence (1, 1)-tensors with T positive definite.
1
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Moreover, Lr s is the second order differential operator defined for any smooth
function v on M by

Lr.g = —div(TVu) + (Vf, TVu).

In this paper, we are interested in a closely related problems, First, we prove
eigenvalue estimates for the Steklov problem for submanifolds with boundary. We
obtain general Reilly-type upper bounds (see Theorem that generalize the
earlier estimates by Ilias and Makhoul [25]. These upper bounds are given for a
larger class of a general Steklov problem, also involving a weighted measure.

We also consider two other Steklov-type problems, namely the Wentzell-Steklov
problem as well as a biharmonic Steklov problem, both in the non-weighted
context. Here again, we upper bounds for the first eigenvalues of these problems
are given and the equality cases are characterized (see Theorem and .

Finally, we also prove an upper bound for the first eigenvalue of weighted
Paneitz-like operators. These Reilly-type estimates extend the previous estimates
by Chen and Li [I3]. The equality case is also discussed (see Theorems [4.1]and [4.4).

For all the above eigenvalue problems, we derive estimates for submanifolds
of spheres and projectives spaces by the use of the standard embeddings, as well as
isoperimetric estimates for the case of embedded hypersurfaces. These estimates
will be given in Section

The last part of the present paper is devoted to stability results. As men-
tionned, the equality cases are discussed and we can obtain for the case of
hypersurfaces some stability results with proximity to geodesic hyperspheres in
case of almost equality. Precisely, after proving an optimal estimate for the
moment of inertia for hypersurfaces, with geodesic hyperspheres as limitting
hypersurfaces, we study the associated pinching problem (Theorem . It turns
out that the stability of the above eigenvalues estimates is closely linked to the
pinchng of the moment of inertia (Proposition .

2. PRELIMINARIES : HYPERSURFACES OF WEIGHTED EUCLIDEAN SPACE

A weighted manifold (M, g,djis) is a Riemannian manifold (M, g) endowed with
a weighted volume form djfiy = e dvg, where f is a real-valued smooth function
on M and dvjg is the Riemannian volume form associated with the metric g. In
the present paper, we will focus on the case where (M, g) is the Euclidean space
(RN, can) with its canonical flat metric and we will consider isometric immersions
of Riemannian manifolds (M™", g) into (R™, can). For such an immersion, we can
define on M a divergence associated with the volume form duy = et dvg by

divyY =divY — (Vf,Y)
or equivalently
d(vydpys) = dive(Y) dpuy,

where V is the gradient on M, that is the projection on T'M of the gradient V on
M. We call it the f-divergence. We recall briefly by some basic facts about the
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f-divergence. We first have the weighted version of the divergence theorem:

(4) / dinY d/if =0,
M

for any vector field Y on M. From this, we deduce easily the integration by parts
formula

(5) / u dinY duf = 7/ <VU,Y> d/Lf,
M M

for any smooth function u and any vector field Y on M. From this we can prove
the following weighted version of the so called Hsiung-Minkowski formula. For any
divergence-free symmetric (1, 1)-tensor, we have

(©) Xt =19 7) 40 (1) dy =,

where Hp = Y71 (Te;, e;)B(ei, ¢;), with B the second fundamental form and
{e1, -+ ,en} a local orthonormal frame of TM (see [33] for the proof). Note that
in the case without density, the classical Hsiung-Minkowski formula (see [22] for

T =1d) is given by

(7) /M (X, Hy) + tr (T))dv, = 0.

Finally, we recall that in this weighted context, Lichnerowicz [26] and Bakry-Emery
[6] introduced the natural generalizations of the Ricci curvature

Ricy = Ric + Hess f,

which known as Bakry—Emery tensor or oo—Bakry—Emery tensor as it appears as a
special case of N-Bakry-Emery tensors defined by

1
Ric} = Ricy — ~Aed,

for N > 0. This curvature tensor is the natural generalization of the Ricci curav-
ture whic allows extensions of many classical comparison results in Ricci curvature
bounded form below in the case of smooth metric measure spaces. One can refere
for instance to [36] for a survey about these questions.

We finish this section of preliminaries by recalling a useful elementary lemma. Let
(M™,g) be a connected and oriented closed Riemannian manifold isometrically
immersed by X into RY. We denote by {1, - ,0x} the canonical frame of RY
and for k € {1,--- N}, X* = (X, 0x) the coordinate functions. Then, we have the
following elementary lemma.

Lemma 2.1. If A is a field of endomorphisms on M, we have

D (AVXF), vXF) = tr (A).
k=1

The proof can be found in [33].
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3. UPPER BOUNDS FOR STEKLOV-TYPE PROBLEMS

3.1. Generalized Steklov problems. In [25], Ilias and Makhoul proved ana-
logues of inequalities and for the first eigenvalue of the Steklov problem for
submanifolds with boundary of the Euclidean space RY. Let a compact Riemann-
ian manifold (M, g) with non-empty boundary M. The induced metric on M
will be denoted g. We consider the boundary problem

Au=0 on M

%zau on OM,

where ¢ is a real number and u a C? function over M. This problem was
introduces by Steklov [35] and has been widely studied (see [25] and reference
therein). It is a well-known fact that the set of all o for which this problem admits
solutions is an increasing sequence of nonnegative real numbers. This sequence is
exactely the spectrum of the so-called Dirichlet-to-Neumann operator. In [25], Tlias
and Makhoul proved the following Reilly-type inequality for the first eigenvalue of
this Steklov spectrum

2
®) ol( Hd) <V O) [l oy,
oM oM

which is also valid for any r if n = N — 1 and only for even r if N > n — 1. As for
the Reilly inequalities and , equality in is characterized.

In this section, we will consider some generalized Steklov problems. Let f
be a smooth function on M, we can define on M a Laplace operator associated
with the volume form fiy = effdvg by

Aju = —divy(Vu) = Au+ (Vf, Vu),

where V is the gradient on M. We call it the f-Laplacian which is often called
Bakry—Emery Laplacian, Witten Laplacian or drifting Laplacian in the litterature.
Moreover, for a positive symmetric divergence-free (1, 1)-tensor 7', we consider the
operator Lt ¢ by

Lt ju = —div;(TVu),
for any C? fonction u on M. Then, we can consider the following generalized
weighted Steklov problem

Lrju=0 on M,

9)
ﬁ =ou on OM.
aVT

For T' = Id, this problem has be considered recently by Batista and Santos [9] in
the instrinsic setting. Namely considering domains in a manifold of nonnegative
Bakry—Emery Ricci curvature, they obtain lower bound for the eigenvalue of this
weighted Steklov problem. Here, we will derive upper bounds for domains of a
manifold lying in a Euclidean space.

Precisely, we consider the generalized Stelkov problem @ with the presence of a
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tensor 7. From [B], we know that this problem also have a discrete nonnegative
spectrum and we denote by o1, 7 s its first eigenvalue.

In this first result, we obtain Reilly-type inequalities similar to those ob-
tained in [33] for A\q(Lr,s) and generalizing the results of [25] when the ambiant
space is endowed with a measure with density. Namely, we prove following

Theorem 3.1. Let (M™,g) be a connected and oriented closed Riemannian man-
ifold isometrically immersed into the Fuclidean space RY endowed with a density
e=f. Let T be a positive symmetric divergence-free (1,1)-tensor over M and S a
symmetric divergence free (1,1)-tensor over OM. Then, the first eigenvalue of the
generalized Steklov problem satisifes

s ([ tr<5>uf)2 <([ w@ur) [l svsR)n

Moreover,

o [If f is constant, Hg does not vanish identically and if equality occurs, then
tr (S) and ||Hg|| are non-zero constants, M is T-minmally immersed into

[t (5)]

| Hsl| -

o If f is not constant and if equality holds in the case S = Id then M is
a self-shrinker for the mean curvature flow and fjpr = a — %rg, where 1y,
is the Euclidean distance to the center of mass p of M. In particular, if
n=N-—-1and H>0orn=2, N =3 and M is embedded and has genus

0, then M a geodesic hypersphere.

RN and OM lies into a geodesic hypersphere of RN of radius

Remark 3.2. Note that iy and iy denote respectively the weighted measure on M
and OM .

Proof: Up to a translation, we can assume that for coordinates functions X* satisfy
[y XFdvg = 0. Hence, from the variational characterization of o1 7, using the
coordinates X% as test functions and taking the sum for k from 1 to N we have

N N
sy [ X <Y [ ot Xy,
k=1 k=1

which gives, by Lemma [2.1
(10) oy [ PP < [
oM M

Now, we multiply this last inequality by / (||Hs|[*+ ISV f||*) s and we use the
oM
Hsiung-Minkowski formula @ on OM with the tensor S to get

o1 ( | (S)uf)2 < ( [ u <T>uf) |l 159 51P)y

The inequality is proven. Let us consider the equality case. First, assume that
f =0, Hg does not vanish identically and equality occurs. Since equality occurs,
then, equality holds in the Cauchy-Schwarz inequality, that is, Hg = AX on OM
for some non-zero constant A. This implies that, on M, the position vector X
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is normal. Clearly, we deduce that for any vector field Y tangent to M, we
have Y (|| X||?) = 2(Vy X, X) = (¥, X) = 0 and so X has constant norm on M.

Therefore the same holds for Hg since Hg = A\ X.
Moreover, since, always on OM, XT = 0, we deduce that

0=tr(S)+ (X, Hg).
Indeed, we recall the following classical fact (see [33] for instance)
(11) div(SXT) = tr (S) + (X, Hs),

which after intrgartion gives the Hsiung-Minkowski formula. Hence, we get

tr(8) = (X, Hs) = — || Hs].

tr (S
This implies that tr (S) is also a non-zero constant and || X||ga = |||1;'1(T |)|| , that is,
s
tr (S
OM lies into a geodesic sphere of radius |1;1(_ |) .
S

Now, we prove the last consequence of the equality case. Equality implies that
the coordinate functions X are eigenfunctions of the generalized Steklov problem.
Hence, they satisfy Ly X*® = 0. But, since, on M, LrX = —Hr (see [20] or [33]
for instance), we get immediately that Hy = 0, that is M lies T-minimally into R™.

Now, assume that f is not constant and S = Id. If equality occurs then all the
above inequalities are equalities. In particular, equality occurs in the Cauchy-
Schwarz inequality and we have H — Vf = ¢X for some constant c¢. Identifying
tangential and normal parts, we get Vf = —cX T and H = cX*.

The normal equation H = c¢X* is exactly the definition of a self-similar solution
of the mean curvature flow. Since M is a compact submanifold of RV, ¢ cannot
be zero. The case ¢ > 0 is no more possible. Indeed, if ¢ > 0, then M is a
self-expander, but it is well known that there exists no compact self-expander.
Hence, the only possibility is ¢ < 0, that is M is a self-shrinker.

In addition, since X' = ZV|[X|]>, the tangential equation becomes
V(f + §l|1X|[*) = 0. Since M is connected, there exists a constant a such
that fijx =a — $[| X[

In the particular cases N =n+1and H >0or n =2, N =3 and M is embedded
and has genus 0, we know from [23] and [II] respectively that M has to be a
geodesic hypersphere. This finishes the proof of the equality case. This concludes
the proof. ([

3.2. Steklov-Wentzell problem. Let (M",g) be a smooth submanifold of the
Euclidean space RY with non-empty boundary OM and b a positive constant. We
will denote by g the induced metric on M and the Laplacian on M and OM will be
denoted respectively by A and A. We consider the following Steklov-type problem
for the Laplacian A with the so-called Wentzell boundary condition. Namely, we
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consider

Au=0 on M,

(SW)

—bAu — @ =au on OM.
ov

Obviously, if b = 0, then, we recover the classical Steklov problem. The spectrum
of this problem is an increasing sequence (see [15])

O=ay<ar<az---<ap<- - — +00.

The eigenvalue 0 is simple and the corresponding eigeinfunctions are the constant
ones. Moreover (see [I5], B7]), a1 has the following variational characterization

/||%||2dv§+b/ V2o,
M oM / udvg =0
oM

2
/ u“dvg
oM

We prove the following upper bound for the first positive eigenvalue «y of this
problem

(12) ay = inf

Theorem 3.3. Let (M", g) be a connected and oriented compact Riemannian man-
ifold with non-empty boundary OM isometrically immersed into the Euclidean space
RN . Let S be a symmetric divergence free (1,1)-tensor over OM. Then, the first
etgenvalue of the Steklov- Wentzell problem satisifes

a (/aM tr (S)dvg)2 < (nV(M) +b(n — 1)V(8M)> (/aM HS||2dvg) .

Moreover, if Hg does not vanish identically, then if equality occurs then tr (S) and
|Hs|| are non-zero constants, M is a minmal submanifold of RN and OM lies into

tr (S
a geodesic hypersphere of RN of radius |||r11(r |)||,
S
In particular, if n = N, then equality occurs if and only if M is a geodesic disk of
()]
radius )
1Hs]

Proof: Here again, we can assume that for any k € {1,--- N}, fM Xkdv, =0 and
so use the coordinates functions in to get

N
13 / IX|2dv, < Z(/ IFX | 2dvg + b / |vxi||2dvg)
oM = \Jum oM

First, by Lemma applied respectively on M and dM, we have Zi\; VX2 =n
and Y [[VX?||2 =n — 1 and so we obtain from

(14) o /BM | X 2dv, < nV (M) + (n — 1)V (OM).
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Using (14), the Cauchy-Schwarz inequality and the Hsiung-Minkowski formula. We

have
o (/aM tr(S)dvg)2 < m (/W<X, Hs>olvg>2
< o ([ ixiPa) ([ st
< (nV(M) +(n— 1)V(8M)) </6M Hs||2dvg)7

which is the desired inequality.
Now, if Hg does not vanish identically and equality occurs, then as in the proof of
Theorem [3.1] we get that ||Hg|| and tr (S) are non-zero constants and 9 lies into a

tr (S
geodesic sphere of radius ||| h(f |)|| . Moreover, since equality occurs, the coordinates
s
{Xi}i=1,... n, used as test functions, satisfiy AX* = 0over M and so M is immersed
minimally into RY. (I

3.3. Biharmonic Steklov problem. Now, we consider the following biharmonic
Steklov problem. Let (M™,g) be a smooth submanifold of the Euclidean space RY
with non-empty boundary OM and 7T a positive constant.

Z2u77Zu:O on M,
82
(BS) 871/1; =0 on OM,
Ju ) 0Au
To, divoar (Poa (V2u)v)) — 5 = Bu on OM.

This problem has a discret spectrum consisting in an increasing sequence (see [])
0=P00<P1<Pa- <Pp<- —> +00.

The eigenvalue 0 is simple and the corresponding eigeinfunctions are the constant
function. It is proven in [I2] that the boundary condition in this problem are the
natural one so that the weak formulation of this problem is:

/M (<V2u,ﬁ2¢> +7 <vu7vq’)>) dvg = 5/31\4 updvy,

and where we have denoted by g the induced metric on M, Hence, the first positive
eigenvalue §; has the following variational characterization

| (192l + 79l dog
M / udvg = 0
oM

2
/ udvg
oM

Theorem 3.4. Let (M", g) be a connected and oriented compact Riemannian man-
ifold with non-empty boundary OM isometrically immersed into the Euclidean space
RN . Let S be a symmetric divergence free (1,1)-tensor over OM. Then, the first

(15) By = inf
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etgenvalue of the biharmonic Steklov problem satisifes

b ([ w <S>dvg)2 < ([ e+ uryaes) ([ sl )

where B is the second fundamental form of M in RY.

Moreover, if Hs does not vanish identically, then if equality occurs then tr (S) and
||[Hs|| are non-zero constants, M is a T-biharmonic submanifold of RN and OM
|tr (5]

[Hs|

lies into a geodesic hypersphere of RN of radius

In particular, if n = N, then

B (/{BM tr(S)dvg>2 < nTV(M) (/aM ||H5|2dvg>

|tr (S)]
|Hs]|

and equality occurs if and only if M is a geodesic disk of radius

Proof: We use coordinates as test functions (after a tranlsation if needed) in the
variational characterization to get

N
16 ﬂ/ X|%dv, < / VX2 + 7| VX2 dug
(16) LI ;M(n 12+ IV X)) dog

First, by Lemma we have YN | 7|V X?||2 = n7. Moreover, we have the follow-
ing elementary lemma
Lemma 3.5. We have

al 2

SIV X =B,

i=1

where B is the second fundamental form of M into RY.

Proof: Let p € M and take {eq,--- ,e,} a normal frame of T, M. Then, we have

(VX0 = ejlen(XY)
¢j({ex, 03))

<v2] ek? az>

where {9y, -+ ,dx} is the canonical basis of RV and V? is the connection of the Eu-
clidean metric of RY. Now, since {ey, - ,e,} is a normal frame, we have Ve,er =0

and so V¢ e, = Bej, ex). Finally, (§2Xi)jk = (B(ej, ex),0;). Now, by summing
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over ¢ from 1 to N we get

N, o N2
S IVX? (VX))
i=1

-

Il
—_
. =,
= 70=
=
/

<§(ej7 ek)a ({92)2

I
-

J,k=1
n
= > IBlej,en)l?
J.k=1
= |BJ?

Now, putting Zfil 7|VX?|? = nt and Lemmainto (16), we get
a7) o[ IXIPdv, < [ (BIP +nr)des
oM M

The proof of the inequality is a combination of , the Cauchy-Schwarz inequality
and the Hsiung-Minkowski formula . We have

([ ) < o([ vonan)
< o ([ ixipan) ([ imsipa,)
< ([ amisnna) ([ asian,).

which is the desired inequality.

Now, here again, if Hg does not vanish identically and equality occurs, then as in
the proof of Theorem (3.1} we get that ||Hg| and tr (S) are non-zero constants and
[tr (S)]

| Hsll _

In addition, equality implies that the coordinate functions X* are eigenfunctions of

OM lies into a geodesic sphere of radius

the biharmonic Steklov problem. In particular, they satisfy A°X —7AX =0 on
M, that is, M is a 7-biharmonic submanifold of RY. This concludes the proof. O

4. UPPER BOUNDS FOR PANEITZ-LIKE OPERATORS

On 4-dimensional Riemannian manifold (M, g), the Paneitz operator, first intro-
duced in [27] by Paneitz (see also [28], is the fourth order differential operator
defined by

2
Pu = A%y — div (3Rvu - 2Ric(Vu)> ,

for any smooth function u, where div is the divergence, A = —divV the Laplacian,
R the scalar curvature and Ric the (1, 1)-Ricci tensor associated with the metric g.
We will denote by ric the associated (2,0)-tensor. It has been generalized in any



REILLY-TYPE INEQUALITIES FOR PANEITZ AND STEKLOV EIGENVALUES 11

dimension by Branson [10]. Namely, we have for n > 5,

(n—2)2+4
2(n—1)(n—2)

where @ is the Branson @Q-curvature associated with the metric g. The Paneitz
operator is conformally covariant and plays a crucial role in the problem of pre-
scribing Q-curvature. In the last two decades, the Paneitz operator (and its links
with @Q-curvature) has been intensively studied by many authors (see [16] for in-
stance).

In the present section, we are not interested in the conformal aspect of the Paneitz
operator but with its spectrum. In particular, we will give estimates of the first
eigenvalue of the Paneitz operator, when the 4-dimensional manifold (M4?,g) is a
submanifold (especially a hypersurface) of a Euclidean space. In fact, we will con-
sider the so-called Paneitz-like operators for which the classical Paneitz operator in
dimension 4 is a particular case. We obtain general upper bounds which contain the
estimates proved by Chen and Li in [13]. The Paneitz-like operators are definied
for some constant a and b by

P, yu = A?u — div(aRVu + bRicVu),

Pu= A% — —div < RVu — anRic(W)) + nT_KlQu,

for any smooth function w on M. The positivity of P, is ensured if na +b > 0
(see [38]). Here, we consider the weighted version of these operators. Namely, we
consider the following

P{tu = Aju— divy(aR;Vu + bRic,; V),

where divy, Ay and Ricy are respectively the f-divergence, the f-Laplacian and
the Bakry—Emery Ricci curvature defined in Section [2} Moreover, we define Ry as
the trace of Ricy.

Theorem 4.1. Let (M™, g) be a closed Riemannian manifold isomtrically immersed
into the weighted Euclidean space RN endowed with the density 7. Let T be a sym-
metric and divergence-free (1,1)-tensor on TM. Assume that the weighted Paneitz-
like operator P]?’b 18 positive. Then, the first non-zero eigenvalue Ay ofPJ?’b satisfies

2
A ( / tr(T)uf) < ( / <n2|H2+Vf|2+<na+b>Rf>uf) [ Qa7
M M M
Moreover,

o If f is constant, Hy does mot vanish identically and if equality occurs, then
tr (T) and |Hr| are non-zero constants and M is immersed into a geodesic
hypersphere of RN of radius Lt (D]

[H|
In particular, if n = N — 1, M is a geodesic hypersphere of radius rﬁgf‘

o If f is not constant and if equality holds in the case S = Id then M is

a self-shrinker for the mean curvature flow and fjpr = a — %rg, where 1y,
is the Euclidean distance to the center of mass p of M. In particular, if
n=N-—-1and H>0orn=2, N =3 and M is embedded and has genus

0, then M a geodesic hypersphere.

Before giving the prove, we state this elementary lemma.
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Lemma 4.2. We have

AfX = —nH-i—Vf

Proof: The proof is elementary form the definition of A¢. Indeed, we have

N
ArX = ZAinai
v N
= Y AX'0;+ > (VX' V)0,
=1 =1

N
= AX+) (0, V)0
1=1

= —nH+VY/,
where we have used the classical facts that AX = —nH and VX' = 9,'. O

Proof of Theorem First, if needed, we make a translation in order to assume
that the center of mass of X for the measure py is 0. Hence, we can use the
coordinates X!, .-, XV as test functions in the Rayleigh quotient to get

A1/ \XIQMfS/ (X, PP X) g
M M

Now, we compute the term fM<X, P;f’bX>,uf. We have

N
\b a,b
/M<X,P]‘? X)pp = Z/MXka XFpg
k=1
N N
= Z/MX’CA;X’“W—/MZX’%M (aRyV X" + bRicy (VX")) py
k=1 k=1

N N
= Z/ |AfX’“|2uf+/ Z(aRf|VXk\2+b<Ricf(VXk),VXk))uf,
k=1"M M

where we have integrated by parts for the last line. Moreover, from Lemma [2.1] we
have
N N
SIVXFP=n  and > Ricy (VX" VX*?) = tr (Rics) = Ry.
k=1 k=1
By Lemma [£.2] we have Ay X = —nH 4 V f, which gives

[ o = [ @EHP 4P + (e DR)
M M
and therefore

(18) M [ XPas < [ @RHP VP + (0 R by
M M
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Now, we multiply by ([}, tr (T)/Af)2 and we get

Ay </Mtr(T),uf>2/MX2uf < (/M(n2H|2+|Vf|2+(n&+b)Rf)Mf> (/Mtr(T)uf>2

< (/M (n2|H2+|Vf|2+(na+b)Rf),uf) (/M<HTTVJ",XW>2

where we have used the generalized Hsiung-Minkowski formula @ Then, using
the Cauchy-Schwarz inequality for the pointwise scalar product, then the Cauchy-
Schwarz inequality for the L?-scalar product and simplifying by [ X >y we get

A ( [ w <T>uf)2 < ( IRGLGE A (na+b>Rf)uf) ( /it —Tszuf) |

Finally, since Hy and T'V f are orthogonal, we get the wanted inequality

A, ( [ (T)uf)2 < ( [ PP 1958+ a0 [ Rowr) [ (TR,

where we have used that |[Hy — TV f|?> = |Hr|? + |TV f|? since Hy is normal and
TV f is tangent.

Now, assume that Hp does not vanish identically. If equality occurs, then all the
above inequalities become equalities. In particular, we have Hy = ¢X from the
equality case of Cauchy-Schwarz inequality, where ¢ is a non-zero constant. This
means that the position vector X is everywhere normal to M. But, on the other
hand, since V|X|?> = X T, we get that V|X|?> = 0. Hence, |X| = r is constant
and M lies in a geodesic hypersphere of radius r. Moreover, since Hy = ¢X, we
get that |[Hyp| is also constant and from Equation (LI, we conclude that tr (T') =

—(X,Hr) = —%|HT|2. Thus, tr (T) is also constant. Note that, since we assume
that Hp does not vanish identically, tr (') and |Hy| are non-zero constants and we
have r = ‘TH(T‘”.

T

Now, we will show that the immersion of M in this hypersphere SV=1(r) is T-
minimal, that is, Hy = 0, where is defined by

n

Hr =Y T(ei e5)Bleisey),

ij=1
with B the second fundamental form of M in S¥=1(r). Tt is well known that

B = B + B where B is the second fundamental form of S¥—! _into RY and is given
by Eij = —%26in. From this and the definition of Hy and Hr, we get

~ 1
HT = HT - 7“72 ZT(ei,ej)éin

(2%
~ 1
= Hr— tr(T)X
_ 5 HP
T (1)

= ﬁT+CX:ﬁT+HT.
We deduce that ﬁT = 0. This concludes the proof. ([
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We deduce immediately the following corollary when T is a tensor associated with
a higher order mean curvature.

Corollary 4.3. Let (M™,g) be a closed Riemannian manifold isomtrically im-
mersed into the Euclidean space R . Assume that the Paneitz-like operator P, is
positive.

(1) If n < N—2and k € {0,--- ,n — 1} is an even integer, then, the first
non-zero eigenvalue Ay of P, satisfies

2
A (/ deug> < (/ (n2|H|2+(na—|—b)/ R)dvg)/ |t [2do,y.
M M M M

Morever, if Hi 1 does not vanish identically and if equality occurs, then Hy

and |Hy41| are non-zero constants and M is (k 4+ 1)-minimally immersed

into a geodesic hypersphere of RN of radius \F‘IIZi‘l\

(2) Ifn=N—1, for any k € {0,--- ,n — 1}, the first non-zero eigenvalue Aq
of Py satisfies

2
Ay (/ devg> < (/ (n2|H|2+(na+b)/ R)dvg)/ H,zﬂdvg,
M M M M

Morever, if Hiy1 does not vanish identically and if equality occurs, then
Hy, and Hy41 are non-zero constants and M is a geodesic hypersphere of

N ; |Hr|
RY of radius o]

We finish this section by a result for the first eigenvalue of the Paneitz operator in
dimension at least 5. The proof is completely analogue to the previous one with
a =, b = and the presence of the order zero term Qu in the definition of P. We
state the following result without proof.

Theorem 4.4. Let (M™, g), n > 4, be a closed Riemannian manifold isomtrically
immersed into the FEuclidean space RY. Let T be a symmetric and divergence-free
(1,1)-tensor on TM. Assume that the Paneitz operator P is positive. Then, the
first non-zero eigenvalue A1 of P satisfies

A (/M o (T)dvg> 2 s (/M("2|H|2 * n32(_n4n21;($%2_) 4R)dvg) /M [Hrl dvy
e ([ )

Moreover, if Hr does not vanish identically and equality occurs, then tr (T) and
[|Hr|| are non-zero constants M is T-minimally immersed into a geodesic sphere

N e (D)
of RY of radius T

5. FURTHER INEQUALITIES

In this section, we derive from the estimates of Sections [3] and [4 some other esti-
mates. Namely, we can obtained estimates for submanifolds of spheres or projectives
space by the mean of the classical immersions of these spaces in euclidean spaces
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(see Section[5.1]and[5.2). We can obtain in Section [5.3|some isoperimetric estimates
for embedded hypersurfaces

5.1. Estimates in spheres.

Corollary 5.1. First, we have the following corollaries for submanifolds of spheres.
Let (M™, g) be a connected and oriented closed Riemannian manifold isometrically
immersed into the Euclidean space SN endowed with a density e~ /. Let T be a pos-
itive symmetric divergence-free (1,1)-tensor over M and S a symmetric divergence
free (1,1)-tensor over OM

mrs ([ tr(S)uf)Q <([ o@ng) [ (sl + e isp 41591

Proof: The proof comes easily from Theorem [3.1] We denote by ® the immersion of
M into SV and ¢ its restriction to M. We also consider the canonical Immersion
i of SV into RV*! and we extend the weight f defined on S to a weight f on

RN+ for instance by taking f(z) = |z|f (ﬁ) for any 2 € SV and f(0) = 0. From
Theorem [3.1] we have

1) ar) ([ w (S)uf)2 <([ wwm) [ Qe+ 15V,

where Hj is defined by Hs = 37", S(ei, e;) B (ei, e;) with B’ the second funda-
mental form of the immersion of M into RN 1. Obviously, the second fundamental
forms B of ¢ and B’ of io¢ are linked by the relation B’ = B—g¢. Hence, we get im-
mediately Hy = Hg—tr (S)¢. Therefore, we deduce that ||Hg||> = ||Hg||>+tr ()2,
since Hg and ¢ are orthogonal and ||¢|| = 1 since M (and so OM) is contained in
the sphere S™. Reporting this in (19)), and since f coincides with f on M, we have
Vf: V f and so

mrs ([ tr(S)uf)2 < ([ @) [ sl + (7 + 15971

This concludes the proof. (I

Corollary 5.2. Let (M™, g) be a connected and oriented compact Riemannian man-
ifold with non-empty boundary OM isometrically immersed into the sphere SN . Let
S be a symmetric divergence free (1,1)-tensor over M. Then, the first eigenvalue
of the biharmonic Steklov problem satisifes

B (/m tr (S)dvg>2 < (/M(||B||2 +n+ nr)dvg> (/{)M | Hsl|* + tr (S)dvg) .

5.2. Estimates in projective spaces. As mentionned in [25], in the case where
S = Id, we can obtain estimates for submanifolds of projective spaces. Indeed,
proceeding as in the proof of Corollary with the standard embeddings of the
projective space KP™, K = R, C or H, we get form Theorem [3.1]

vz (V5 (OM)) < ( [ o <T>ﬂf> [P+ 19 1P
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where H' is the mean curvature of OM — KP" < RY as a submanifold of RY.
The mean curvature of M in KP" is denoted H. Straightforward computations
show that ||H'||? = ||H||? + c¢(m), with

2mtl) KR =R

c(m) = w ifK=C
Amtd) K = H,

and where m is the dimension of M (see [19] for details). Note that V; denote the
f-volume, that is, the volume for the measure ;1y. Hence, we have

Corollary 5.3. Let (M™,g) be a connected and oriented closed Riemannian man-
ifold with non-empty boundary OM , isometrically immersed into MY endowed with
a density e=f. Let T be a positive symmetric divergence-free (1,1)-tensor over
M. Then, the first eigenvalue of the generalized Steklov problem associated to the
operator Lt s satisfies

ovrs (V(OM))? < ( [ o (T)ﬁf) [P+ 1971 + ctm)y.

where p is the measure on M defined by py = e~ dv, and with

1 if MV = SN
2ot MY = RPN
c(n) = 2(n735~2) ifMN —CpN

20H) N _ PN,

n

This remark also holds for the estimates of Section [d] Indeed, we deduce immedi-
ately from Theorem [3.] for S = Id the following estimates.

Corollary 5.4. Let (M™,g) be a connected and oriented closed Riemannian man-
ifold isometrically immersed into MY endowed with a density e=f. Let T be a
positive symmetric divergence-free (1,1)-tensor over M. Then, the first eigenvalue
of the operator Lt ; satisfies

ML) (007 < ([ o) ([ (1P + 19712+ et )

where 1 is the measure on M defined by py = e’fdvg and with

1 if MV =SV
2ntl) i MN = RPN
c(n) = 2(n't2) if MY — cpN

2044 N = PN,

n

For Paneitz-like operators, we have the following Corollary obtained from Theorem

Tl

Corollary 5.5. Let (M™,g) be a connected and oriented closed Riemannian man-
ifold with non-empty boundary OM , isometrically immersed into MY endowed with
a density e=T. Assume that the weighted Paneitz-like operator Pfa’b is positive.

Then, the first non-zero eigenvalue Ay of P?’b satisfies

AV (M) < ( [ PP+ 952+ a4 07 + c(n))uf) ( [ e+ 9512 + c<n>)uf) ,
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where  is the measure on M defined by py = e~ dv, and with

1 if MV =SV
2t MY = RPN
c(n) = 2(n12) if MY — cpN

204 N = PN,

n

5.3. Isoperimetric estimates for embedded hypersurfaces. We consider now
the case where the hypersurface M is embedded into R**! and so bounds a do-
main €. In this case, we can derive easily some estimates for the three eigenvalue
problems considered above in terms both volumes V(M) and V(Q).

Proposition 5.6. Let (M™, g) be a closed, connected and oriented manifold isomet-
rically embedded into the Euclidean space R"*! (hence bounding a simply connected
domain Q). Let T a symmetric (1,1)-tensor with vanishing divergence. Assume
moreover that T is positive definite. Then,

(1) the first eigenvalue of the generalized Steklov problem satisifes

T S <+Vl§Mv)<m (/Q r W%) -

(2) the first eigenvalue of the biharmonic Steklov problem satisifes

a; < erVl()JQ\/‘[/)(W ((n +1H)V(Q) + lmV(M)).

(3) the first eigenvalue of the Steklov-Wentzell problem satisifes

TV (M)

SRRV

(4) if the Paneitz-like operator P®Y is positive, then, the first non-zero eigen-
value Ay of P*? satisfies

m%%%%W<Aﬁfm2Hm+mmmJ.

(5) the first eigenvalue of the operator Ly satisfies

A <

V(M)
A(Lr) € G E DIV /M tr(T)dv,.

Moreover, for each inequality, if equality occurs, then M is a geodesic hypersphere
(and Q is a round ball).

Proof: The proof of these inequalities is based on the following elementary fact that
on €2,

div(X) =n+1.
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From this, we have

(n+1)V(Q) /Q div(X)dvg

/(X,V)dvg

M

< /‘X|dvg’
M

where we have used the Stokes formula. Now, by the Cauchy-Schwarz inequality,
we get

(20) (n+U%“m2<AﬂXFMy

Now, using (20) we get immediately the five inequalities of Proposition respec-
tively with, (10)), . . and the well-known analogue for the operator Lp

(see [33])
2dv, < r Vg
1(LT)/M|X| d g</ tr (T')dv,

6. PINCHING RESULTS

The common point is all the above inequalities is that we use coordinates as test
functions together with an appropriate Hsiung-Minkowksi formula. Moreover for
the codimension 1 case, equality occurs if and only if the hypersurfaces is a round
sphere and it turns out that the moment of inertia || X||2 of M satisfies the limitting
case of the following inequality.

Proposition 6.1. Let (M™,g) be a closed, connected and Riemannian manifold

isomtrically immersed into Euclidean space R"' by X. Let S be a symmetric and
divergence-free (1,1)-tensor on TM. Then, we have

’/ tr (S dvg

[Hsl[2V (M) -

(21) 1X — X2 >

Moreover, if Hg does not vanish identically, then equality occurs if and only tr (S)

and ||Hg|| are non-zero constants and X (M) is a geodesic sphere of radius ||t|rh§§|)“,

Proof: For simplicity and without lost of generality, we assume that X = 0. The
generalized Hsiung-Minkowksi formula says

/ (tr (S) + (Hs, X)) dv,.
M
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Hence, we obtain by using the pointwise and then integral Cauchy-Schwarz inequal-

ity
' /Mtr(S)dvg = ‘ /M(HS,X>dvg

< [ sl e,
< (/ ||Hs||2dvg)1/2 (] u>2dvg)1/2
< (/. ||HS||2dU.q) (/ 1| dvg) "’

[[Hsl|2]| X |2V (M

which is the desired inequality.

Now, assume that Hg does not vanish identically. If equality occurs, since
[|Hs|l2 # 0, then equality occurs in the pointwise Cauchy-Schwarz inequality
{X,v)] < ||X]| at any point of M. This implies, as mentionned previously, that
X(M) is a geodesic sphere. We denote by R the radius of this sphere. Now,
equlity also imply equality in the integral Cauhcy -Schwarz inequality so ||Hg]|
and |(X,v)| = R are proportional and so ||Hg|| is constant. Finally, since X (M)
is a geodesic sphere of radius R, its second fundamental form is B = %g. Hence,
by definition of Hg = tr (B o S), get that ||Hg|| = %|tr (S)|. This mean that tr (5)
ltx (S)]

/eT0 €O sl
The converse is obvious. O

is also a non-zero constant and R =

As an immediate corollary, we get lower bounds for the extrinsic radius (see
[30, BI] to compare with the known bounds in terms of mean curvatures).

Corollary 6.2. Let (M™,g) be a closed, connected and Riemannian manifold
isomtrically immersed into Euclidean space R™t! by X. Let S be a symmetric
and divergence-free (1,1)-tensor on TM. Then, the extrinsic radius R(M) of M

satisfies
’/ tr (S)dv,
[Hsl[2V (M)

Moreover, if Hg does not vanish identically, then equality occurs if and only tr (S)
and ||Hgl|| are non-zero constants and X (M) is a geodesic sphere of radius R(M)

and R(M) = ‘ﬁrl};ql)ll )

The inequality implies as corollaries the lower bound of the extrinsic radius
(Corollary as well as the upper bounds for the operators Ly ([33]), Paneitz-
like (Theorems and for the generalized Steklov problem (Theorem [3.1]), all for
the non-weighted case and for hypersurfaces. Then, it is natural to think that a
pinching result associated with or another appropriate estimate of || X||y will
implies pinchin results for the other inequalities cited above. And this is indeed the
case as we will see in the sequel.



20 JULIEN ROTH

We introduce the following pinching of the moment of inertia

’/ tr (S dvg

|| Hsll2pV (M)

Theorem 6.3. Let n > 2 and (M™,g) be a connected, oriented and closed Rie-
mannian manifold isometrically immersed into R™ T by X. Assume that M is
endowed with a symmetric and divergence-free (1,1)-tensor S. Assume in addi-
tion that T is positive definite, Hg is not identically zero and that for some ¢ > n
there holds V(M)|| B[y < A. Let p > 1. Then there exists g = €o(n,p,q,A) > 0,
a = a(n,q) and C = C(n,p,q,A) > 0 such that if holds with € < g,
then M s diffeomorphic and Ce®-almost-isometric to the sphere S(X,r) with

_ |fM tr(S)dvg| . . . .
= Hsa, VD) - That is, there exists a natural diffeomorphism

(Ip,c) [1XT]2 < (1+¢)

(22) F: (M,dy) — (S(r),ds)
we have
(23) |do(F(21), F(22)) — di(x1,22)| < Cre® Vap,x9 € M.

Moreover, M is embedded and X (M) is a starshaped hypersurface.

It is now classical for such pinching results that the proof needs two steps. The first
one gives an L2-proximity of the hypersurface with the desired sphere using the
pinching condition. This step is given by Lemmas and The second step,
which does not depend on any pinching, allows to go from L? to L*™ proximity.
We will recall the needed lemmas without proof.

First, we have these two elementary lemmas.

Lemma 6.4. If (I,.) holds, then

||XTH2 5HX||2
Proof:
We have
IXTvon = [ |xPa, - [ <X,u>2dvg
M
< IXIBVOD) = e [ Hs(Xov),
||Hs|\2,,
1
< IXIBV (M) - [
2 HsTG, Ju ™ )%
1
< |IXEvMn) (1 -
IxIEven (1- 1)

< IX[BV(M)e

Lemma 6.5. If (I, ) holds, then

111
x|, < @
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where K = K(p) is a constant depending only on p.

Proof: From the pinching condition and th Hsiung-Minkowski formula, we have

Ju tr (S)
H X < UM
sl Xl < oae
(X )l
S V(M)VI—¢
Now, using the Holder inequality and the log-convexity of || - ||, with respect to g,

we get

[Hsll2pl| X2 <

1
sl X e,
1 1-1 i
< —||H X|l; ?IX|5-
mll slzpl XNy " I1X13

Finally, we obtain

(24) 1X 2 < (1 — &) 72050 |1 X,
and hence
X 2
25) _ ”X”1 <1—(1— &) < K(p)e
2
with K = K(p) = 5555 -

Now, we recall without proof the two following lemmas which are indepen-
dant of any pinching conditions.

Lemma 6.6. [3,24] Let ¢ > n be a real number. There exists a constant I'(n,q) >
0, so that for any isometrically immersed, compact submanifold M™ of R*"+! we
have

(26)
_ 1
i i Lo IX - K|\ 7=
11X = | = 1X = Xllalloo < T (VADIEMF X = X (1— ,
( 1) X=X
where v = 2(;7371).

Note that this lemma implies in particular that
J
(27) X oo ST (VMH|G)? + 1)[1X]]2

Lemma 6.7. [34] Let ¢ > n and X: M — R""! be the immersion of a closed
hypersurface. Then there exists a constant I' =T"(n,q), such that

e _1
(28) X [loo < T (V(M)[IBI7 X lloo) ™ 1XT 157"

Now, using these lemmas, we can finish in a now classical way the proof of Theorem
[6-3] First, combining Lemmas [6.5] and we get

(29) 11X] = | X|l2lloo < TAF K TG0 || X||oe 750
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. f tr (S)dvg
Now, assuming that ¢ < 1, we get from (I, ) that || X||2 < 2%.

UM tr (S)dvgl

For more

compactness in the formulas, we will denote r and so we have

= TMHsTRp V(M)
(30) 1 X|]2 < 2.
Thus, using , (Ip.e), and we get
X =7lle < (X[ = 1 Xl2lloc + | X]l2 — 7|

1 1
WTA? K260 3610 4 re

r(20 A3 K 7670 £ 5670 4 ¢)

NN N

(31) Cyre?aio

where C = (2FA%K2(71+1) + 1). Note that the last line comes from the fact that

m < 1 and we have assumed ¢ < 1. We want to point out that the constant

C1 depends on n,p,q and A. We deduce immediately from this that
(32) | Xlloo <7 (14 Cremeem ).
O

On the other hand, using successively Lemma Lemma and
(Lp,e) we get

N 1
X oo < T (Al Xloo) 7 [ XT3
o4 _1_ 1
< T (Al X loo) 7 | X[l e2mFD
e
< T'A3 (FA% 4 1) T X ||pe 75D
e

< 2r'af (1A% +1) 77 emmm

(33) < CQTEQ('YI'*'U,

where Cy = 27 A= (FA% + 1) 7*1 is a constant depending only on n,p,q and A.

va-1 1 20D
V201’ ﬁ} :
n,p,q and A and if € < g1, we have

Now, we set £ = inf Note that e; depends only on

2 2
CreT™ <1, Cpe™ ™ <1 and  (1-Cre™m ) = (Cemm ) <

>~

From this last inequality, with and , we deduce that

2
(34) (X,v)? = |IXP =X > .

Now, we consider the map

F: M — S(0,r)
X(2)

xT — T\X(x)|

First of all, from and the fact that Cye2m0 < 1, we get ||| X]| — rllec < 7.
Therefore | X| never vanishes and so F' is well defined. Now, we will compute the
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differential of F'. Let u € T, M be a unit vector. We get immediately that

dﬂﬁo:éa<u_ﬁggv’

and so
2 r? r? 2
dF, (u)* = 1] < wE +W<“’X>
1 2| XT|?
< ‘X|2||X|—r|-||X|+r|+7|X|4

Now, from , , and the fact that C152(71+1> < 1, we get

W20 eTETD 3 Che T
XE T TXP

Finally, from , we deduce that ﬁ < % and so

2C + 026
4

[[dF, (w)* = 1] <

(35) ||de(u)\2 — 1| < 57D — ng‘z(wlﬁ)

2(v+1)
We put ¢¢ = inf{sl, (ﬁ)
implies that F is a local diffeomorphism. Since M and S(0,r) are connected, M is
closed and S(0,r) is simply connected, then F is a global diffeomorphism.
In addition, since F' which is of the form G o X is injective, then X is injective and
so the immersion X is an embedding.
Moreover, the condtion and the connectedness of M implies that the support
function (X, v) never vanishes (say is positive if v is the outward unit normal) which
implies that X (M) is a starshaped hypersurface (see [21]).
Finally, from (35), we get that for any z,y € M

|da(f (), f(y)) — d(x,y)| < Mda(z,y),

where d; and ds are the Riemannian distance on M and S(0,7) respectively and
M = sup {||dFz(u)|* — 1| ,2 € M u € U, M }. Hence, we deduce that

|do(f(x), f(y)) — d(z,y)| < 2mrCse®.

This concludes the proof of Theorem by setting C' = 27Cj5, which depends
onpy on n,p,q and A as Cjs. O

}. We get from this that [dF,(u)|?> > 1 which

Now, we introduce the pinching condition associated with the optimal in-
equality involving the first eigenvalue Ay 7 of the operator Ly, the first eigenavlue
01,7 of the generalized Steklov problem associated with Ly, the first eiganvalue
A; of the Paneitz-like operator P, ; and the extrinsic radius R(M). Namely, for
p > 1, we set

(L) Am(Aﬁuww02>a—@(@muw%ymﬂ;WMx

(Spe) ou(AﬁmaMQ2>u@(éu@m%)mﬂQWMx
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W) ([ o (S)dvg)2 > (1—2) (nV(Q) + b(n — V(M) )| Hs 3,V (M),

(B,..) 8 ( [ <s>dvg) > (1— e V(Q)| Hsl2, V(M)

Ay (/M tr (S)dvg)2 > (1—¢) (/M(n2H2 + (na + b)Rg)dvg> | Hsll3,V (M),

(] i)

|| HslI3,V (M)?

(Ry.) R(M)* < (1+¢).

Proposition 6.8. Let p > 1 and ¢ € (0,2). If one of the pinching conditions
(Lp.c), (5p.e), (Wpel)s (Bp.e), (Poe) or (Ry.c) holds, then also holds (Iz2.).

Proof: First, we recall that from the Rayleigh quotient with coordinates as test
functions we have

/\1(LT)/ |X|2dvg</ tr (T)dv,
M M
Now, if (L, ) holds, then, we have

Ixig < DD
1 (fMtr(S)dvg)2
S T2 EEVGD
(f tr(S)dvg)2
< 02N EEvan

if £ < 1, which is exactly (I,).
The same argument holds for the other pinching conditions, we will write them

down more quickly.
For the Steklov problem, from and if (S, holds for € < %, we have

Jo, tr (T)dv, 1 (f tr(S)dvg)2 (J, tr(S)dvg)2
Ik < van St Egven < E ERvan

For the Steklov-Wentzell problem, if (W, .|) holds for € < %, we get from

V() + (- DVM) _ 1 ([ tr(S)dv,)” (Jyr tr (S)dvy)”
oV (M) S1c | HB,V(M) [HIB,V (M)

For the biharmonic Steklov problem, we recall that holds, that is,
51 [ 1120, < [ (IB? 4+ nr)d,
M Q
Since M is a hypersurface, € is a domain of R” and so B = 0, which give

51/ | X |?dvy, < nTV(Q)
M

< (1+42¢)

1113 <
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Hence, if (B, c|) holds for ¢ < %, we obtain

(fM tr (S)dvg)Q
[H][5,V (M)

< ntV () < 1 (fMtr(S)d%)Q

2Spvan S1o: Egvan ST

For the Paneitz-like operators, from and if (P, ) holds for € < %, we get

2 2
X2 < [oy (W?[H|? + (na + b)R) < 1 (fM tr (S)dvg) < (142¢) (f3 tr (S)dvg) .
oLT 1—e |[[H|[3,V(M) |[H|[3,V (M)
Finally, for the extrinsic radius, we have obviously
2
tr (S)dvg)
X2<RM2<1+5—(IM 2

This concludes the proof of the Proposition. From this proposition and Theorem
we obtain these final two corollaries. The first one give a pinching result for
the first eigenvalue of the operators L7 and Paneitz-like operators andas well as for
the extrinsic radius for which the hypersurfaces are not supposed to be embedded.

Corollary 6.9. Let (M™,g) be a closed, connected and oriented manifold iso-
metrically immersed into the Euclidean space R™! by X. Let S and T be two
symmetric (1,1)-tensors with vanishing divergence. Assume moreover that T is
positive definite, Hg does not vanish identically and that for some q¢ > n there
holds V(M)|B|y < A. Let p > 1. Then there exists ¢g = £o(n,p,q, A) > 0,
a=a(n,q) andC = C(n,p,q, A) > 0 such that if (Lp.c)), (Pp.c) or (Rp,cl) holds with
€ < g, then M s diffeomorphic and Ce®-almost-isometric to the sphere S(X,r)

with r = % Moreover, M is embbeded and X (M) is a starshaped hyper-

surface.

This second corollary concerns the Steklov problems where the hypersurfaces need
to be embedded and bound domains.

Corollary 6.10. Let (M"™,g) be a closed, connected and oriented manifold iso-
metrically embedded into the Euclidean space R™' by X. Let S and T be two
symmetric (1,1)-tensors with vanishing divergence. Assume moreover that T is
positive definite, Hg does not vanish identically and that for some q > n there
holds V(M)|B||y < A. Let p > 1. Then there exists eg = eo(n,p,q, A) > 0,
a = «a(n,q) and C = C(n,p,q,A) > 0 such that if (Sp,.c), (Wp.e) or (Bp.)
holds with € < €q, then M 1is diffeomorphic and Ce®-almost-isometric to the sphere

S(X,r) with r = %. Moreover X (M) is a starshaped hypersurface.

We finish this paper with the following remarks.

Remarks 6.11. (1) First, we want to recall that the condition allwos to
obtain a proximity with the sphere for the Lipschitz distance which implies
in particular that the spectrum of the Laplacian is close to the spectrum of
the sphere (of corresponding radius).

(2) In our theorems, we consider a control on the second fundamental. This
condition is required to get the promizity for the Lipschitz ditance and the
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diffeomorphism. It is known that such a control is necessary. With a con-
trol only on the mean curvature, we can only get a proximity in Hausdorff
distance ( see |2, 141 [30] for instance).

(3) In 2], some examples of hypersurfaces satisying the pinching condition
with S = Id with a control of the mean curvature but non diffeo-
morphic to the sphere are given.

(4) Always in [2], the authors show that an asymptotic closeness with the spec-
trum of the Laplacian with the spectrum of the sphere can be obtained (see
also [3]) with a control of the mean curvature. This result can be adapted
here with minor modifications.
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